A connected k-chromatic graph G is said to be double-critical if for all edges uv of G the graph G − u − v is (k − 2)-colourable. A longstanding conjecture of Erdős and Lovász states that the complete graphs are the only double-critical graphs. Kawarabayashi, Pedersen and Toft [Electron. J. Combin., 17(1): Research Paper 87, 2010] proved that every double-critical k-chromatic graph with k ≤ 7 contains a K k minor. It remains unknown whether an arbitrary double-critical 8-chromatic graph contains a K8 minor, but in this paper we prove that any double-critical 8-chromatic contains a K − 8 minor; here K − 8 denotes the complete 8-graph with one edge missing. In addition, we observe that any double-critical 8-chromatic graph with minimum degree different from 10 and 11 contains a K8 minor.
Introduction and motivation
At the very center of the theory of graph colouring is Hadwiger's Conjecture which dates back to 1942. It states that every k-chromatic graph 1 contains a K k minor. Conjecture 1.1 (Hadwiger [10] ). If G is a k-chromatic graph, then G contains a K k minor. In the case of minimum degree different from 10 and 11 we are able to find 'the edge missing in Theorem 2.1'. Theorem 2.3. Every double-critical 8-chromatic graph with minimum degree different from 10 and 11 contains a K 8 minor.
Our proofs of the above-mentioned results do not rely on the Four Colour Theorem but they do rely on the following two deep results. [26] ; (ii) Jørgensen [15] ). Suppose G is a graph on at least 8 vertices. Proof of Corollary 2.2. Let G denote a double-critical k-chromatic graph with k ≥ 8. If k = 8 or δ(G) ≥ 11, then the desired result follows from Theorem 2.1 or Theorem 2.4 (i), respectively. Hence, by Proposition 3.1 (ii), we may assume k = 9 and δ(G) = 10; in this case we prove G ≥ K − 8 by an argument somewhat similar to the first part of the proof of Proposition 4.1. The details are omitted.
Theorem 2.4 ((i) Song

Preliminaries and notation
We shall use standard graph-theoretic terminology and notation as defined in [4, 6] with a few additions. Given any graph G, V (G) denotes the vertex set of G and E(G) denotes the edge set, while G denotes the complement of G. The order of a graph G, that is, the number of vertices in G, is denoted n(G), and any graph on n vertices is called an n-graph. A vertex of degree k in a graph G is said to be a k-vertex (of G). Given two graphs H and G, the complete join of G and H, denoted G + H, is the graph obtained from two vertex-disjoint copies of H and G by joining each vertex of the copy of G to each vertex of the copy of H. For every positive integer k and graph G, kG denotes the graph k i=1 G. Given any edge-transitive graph G, any graph, which can be obtained from G by removing one edge, is denoted G − . The girth of a graph G is the length of a shortest cycle in G; if G is acyclic, then the girth of G is said to be infinite. Given any subset X of the vertex set V (G) of a graph G, we let G[X] denote the subgraph of G induced by the vertices of X. The set of vertices of G adjacent to v is called the neighbourhood of v (in G), and it is denoted
] is referred to as the neighbourhood graph of v (w.r.t. G), and it is denoted G v . Given two graphs G and H, we say that H is a minor of G (and that G has an H minor ) if there is a collection {V h | h ∈ V (H)} of non-empty, disjoint subsets of V (G) such that the induced graph G[V h ] is connected for each h ∈ V (H), and for any two adjacent vertices h 1 and h 2 in H there is at least one edge in G joining some vertex of V h1 to some vertex of V h2 . The sets V h are called the branch sets of the minor H of G. We may write H ≤ G or G ≥ H, if G contains an H minor. In [17] , a number of basic results on double-critical graphs were determined. We will make repeated use of these results and so, for ease of reference, they are restated here.
In the remaining part of this section, we let G denote a non-complete doublecritical k-chromatic graph with k ≥ 6. Given any edge xy ∈ E(G), define (ii) the graph G has minimum degree at least k + 1, and (iii) for all edges xy ∈ E(G) and all (k − 2)-colourings of G − x − y, the set B(x, y) of common neighbours of x and y in G contains vertices from every colour class, in particular, |B(x, y)| ≥ k − 2.
] is a complete graph for some edge xy ∈ E(G), then there is a matching of the vertices of A(x, y) to the vertices of B(x, y) in
Proof. Suppose G[A(x, y)] is a complete graph for some edge xy ∈ E(G), and let G − x − y be coloured properly in the colours 1, 2, . . . , k − 3, and k − 2.
The colours applied to A(x, y) are all distinct, and so we may assume A(x, y) = {a 1 , . . . , a p } where vertex a i is coloured i for each a i ∈ A(x, y). According to Proposition 3.1 (iii), each of the colours 1, 2, . . . , k − 3, and k − 2 appear at least once on a vertex of B(x, y), say B(x, y) = {b 1 , . . . , b q } with vertex b i being coloured i for each
is a complete graph, it follows from Proposition 3. Thus, by Proposition 3.3, if y is a vertex which has degree 2 in G x then the two neighbours of y in G x must be non-adjacent in G x . (ii) if x is a vertex of degree k + 1 in G, then the complement G x consists of isolated vertices (possibly none) and cycles (at least one), where the length of each cycle is at least five, and
Proposition 3.5 ([17]
). There is no non-complete double-critical 8-chromatic graph of order less than 15.
4 Minimum degree 9 and K 8 minors
Proof. Suppose G is a double-critical 8-chromatic graph with a vertex x of degree 9. Now, according to Proposition 3.4 (ii), G x consists of isolated vertices and cycles (at least one cycle) of length at least 5. Since G x consists of only nine vertices, it follows that G x consists of exactly one cycle, which we denote C j , and some isolated vertices.
] is easily seen to contain K 7 as a subgraph, contrary to Proposition 3.1 (i). Suppose j = 7. Moreover, suppose that the vertex x is not adjacent to all other vertices of G. Then, according to Proposition 3.4 (i), χ(G x ) ≤ 5. However, the graph G x , which is isomorphic to C 7 + K 2 , is easily seen not be 5-colourable. Thus, the vertex x is adjacent to all other vertices of G, and so G is isomorphic to C 7 + K 3 . However, the graph C 7 + K 3 is easily seen to be 7-colourable, a contradiction. Thus, we must have j ≥ 8, and so the desired result follows immediately.
The proof of Proposition 4.1 implies that any double-critical 8-chromatic graph with a vertex of degree 9 contains K − 6 as a subgraph. Corollary 4.2. Every double-critical 8-chromatic graph with minimum degree 9 contains a K 8 minor.
Proof. Suppose G is a double-critical 8-chromatic graph with minimum degree 9, and let x denote a vertex of G of degree 9. Suppose that G does not contain a K 8 minor. Then, according to Proposition 3.5, there are at least 15 vertices in G, in particular, there is a vertex, which we shall call z, in G − N [x]. According to Proposition 4.1, there are two cases to consider:
Suppose
. . , v 7 and V (K 1 ) = {u}. By Proposition 3.4 (iii), G is 6-connected, and so G − u must be 5-connected. Now, according to Menger's Theorem (see, for instance, [4, Theorem 9.1]), there is a collection C of five internally vertex-disjoint (x, z)-paths in G − u. Obviously, each path P ∈ C contains a vertex from V (C 8 ), and we may assume that each of the paths P ∈ C contains exactly one vertex from V (C 8 ). The fact that there are eight vertices in V (C 8 ) and five vertex-disjoint (x, z)-paths in C going through V (C 8 ) implies the existence of a pair of vertices v i and v i+1 (modulo 8) such that there is a (v i , z)-path Q i and a (v i+1 , z)-path Q i+1 in G − u such that Q i and Q i+1 are internally vertex-disjoint. We may assume i = 0. Now, the (v 0 , v 1 )-path Q 0 ∪ Q 1 in G is contracted to an edge between v 0 and v 1 . The resulting graph contains the graph H C − 8 + K 2 as a subgraph, and H can be contracted to K 8 by contracting the edges v 2 v 5 and
5 Minimum degree 10 and K 8 minors Proof. Suppose ∆(G x ) ≥ 4, and let y denote a vertex which has degree ≥ 4 in G x . Then |A(x, y)| ≥ 4 and, according to Proposition 3.
Proposition 5.2. Suppose G is a double-critical 8-chromatic graph with minimum degree 10, and suppose G contains a vertex x of degree 10 such that
, a contradiction. According to Proposition 3.3, no vertex of G x has degree exactly 1. Hence, ∆(G x ) = 2, and so the graph G x consists of cycles (at least one) and possibly some isolated vertices. If G x has at least five isolated vertices, then it is easy to see that G x contains K 7 as a subgraph. If G x has exactly four isolated vertices then either
In the former case we obtain G x ≥ K 7 and in the latter case G x ⊃ K 7 . If G x has exactly three isolated vertices, then
In each case it is easy to exhibit a K 7 minor in G x , and so G ≥ K 8 .
It may be true that if G is a double-critical 8-chromatic graph with minimum degree 10 and a vertex x of degree 10 such that G[N (x)] is 6-regular then G contains a K 8 minor. I was only able to prove the desired result when G[N (x)] is not isomorphic to any of the eight graphs G 7 , G 8 , G 9 , G 12 , G 13 , G 16 , G 17 , and G 19 (see Appendix A). The graph denoted G 17 is the Petersen graph. Given the symmetry of the Petersen graph, it is particularly annoying not being able to settle the case G[N (x)] G 17 .
Problem 5.3. Prove that if G is a double-critical 8-chromatic graph with minimum degree 10 and a vertex x of degree 10 such that G x is the Petersen graph, then G contains a K 8 minor.
6 Minimum degree 10 and K − 8 minors
In this section, we shall apply the following result of Mader.
Theorem 6.1 (Mader [19] 
Lemma 6.3. Suppose G is a graph with a vertex x of degree 10 such that G x is connected and cubic. Moreover, suppose that there is a vertex
Proof. Suppose G is a 6-connected graph with a vertex x of degree 10, where G x is a connected cubic graph. There are exactly 21 non-isomorphic cubic graphs of order 10, see, for instance, [23] . These 21 non-isomorphic cubic graphs of order 10 are depicted in Appendix A; let these graphs be denoted as in Appendix A. If G x G i , where i ∈ [19] \ {7, 8, 9, 12, 17}, then the labelling of the vertices of the graph G i indicates how G i may be contracted to K − 7 or K 7 . The vertices labelled j ∈ [7] constitute the jth branch set of a K − 7 minor or K 7 minor. If the branch sets only constitute a K − 7 minor, then it is because there is no edge between the branch sets of vertices labelled 1 and 7, respectively. In order to
(c) The graph G 8 . Figure 1 : The graphs G 7 , G 7 , and G 8 , which occur in the cases (i) and (ii) in the proof of Lemma 6.3.
handle the cases G x G i , where i ∈ {7, 8, 9, 12, 17}, we use the assumption that V (G) \ N G [x] contains a vertex z such that G has a collection R of at least six internally vertex-disjoint (x, z)-paths.
(i) Suppose G x G 7 with the vertices of G x labelled as shown in Figure 1 (a) .
Let S denote the collection of the five 2-sets {v 1 , v 6 }, {v 2 , v 7 }, {v 3 , v 9 }, {v 4 , v 8 } and {v 5 , v 10 }. Since the 2-sets in S are pairwise disjoint and cover N G (x), it follows from the pigeonhole principle that at least two of the internally vertex-disjoint (x, z)-paths, say Q 1 and Q 2 , of R go through the same 2-set S ∈ S. If S = {v i , v j } ∈ S \{{v 1 , v 6 }}, then, by contracting the
we obtain a graph which, as is readily verifiable, has a K − 7 minor in the neighbourhood of x and so G ≥ K − 8 . Hence, we may assume that R contains no such two paths going through the same 2-set of S \ {{v 1 , v 6 }}. Hence S = {v 1 , v 6 } with say Q 1 and Q 2 going through v 1 and v 6 , respectively. Since |R| ≥ 6, there is precisely one path going through each of the sets S ∈ S \ {{v 1 , v 6 }}. By symmetry of G x , we may assume that there is an (x, z)-path Q 3 ∈ R going through the vertex v 2 of N G (x). Now, by contracting the (v 2 , z)-path Q 3 − x and the (v 6 , z)-path Q 2 − x into two edges, and then contracting the (v 1 , z)-path Q 1 − x into one vertex, we obtain a graph G in which the neighbourhood graph G [N G (x)] of x contains the complement of the G 7 , depicted in Figure 1 (b) , as a subgraph. The branch sets {v 1 }, {v 2 }, {v 3 , v 5 }, {v 4 , v 9 }, {v 6 }, {v 7 , v 10 }, {v 8 } constitute a K − 7 minor in G 7 (there may be no edge between the branch sets {v 8 } and {v 4 , v 9 }), and so
(ii) Suppose G x G 8 with the vertices of G x labelled as shown in Figure 1 (c) .
In this case we contract a path (P ∪ Q) − x, where P, Q ∈ R, into an edge e ∈ {v 1 v 6 , v (iv) Suppose G x G 12 with the vertices of G x labelled as in Figure 2 (b). Again, we contract a path (P ∪ Q) − x, where P, Q ∈ R, into an edge e ∈ {v 1 v 6 , v 2 v 4 , v 3 v 7 , v 5 v 9 , v 8 v 10 }. By the symmetry of G x , we need only consider the cases e ∈ {v 1 
with the vertices of G x labelled as shown in Figure 2 (c) . The graph G 17 is the Petersen graph, and the complement of the Petersen graph does not contain a K 7 minor. However, we may repeat the trick used in the previous cases to obtain a K − 7 minor. We contract a path (P ∪ Q) − x, where P, Q ∈ R, into an edge e ∈ {v i v i+5 | i ∈ [5]}. By the symmetry of G x , we may assume e = v 1 v 6 . Now, the branch sets {v 1 }, {v 2 , v 8 }, {v 3 }, {v 4 , v 10 }, {v 5 , v 9 }, {v 6 }, and {v 7 } constitute a K This completes the proof.
(c) The graph G 17 . Figure 2 : The graphs G 9 , G 12 , and G 17 , which occur in the cases (iii), (iv), and (v) in the proof of Lemma 6.3.
Notice that in each of the cases (i-v) in the proof of Lemma 6.3 we used the regularity of G x and the six internally vertex-disjoint (x, z)-paths of G, but we did not assume G to be double-critical. It may be possible to relax the assumptions of Lemma 6.3 and still maintain the conclusion. It may even be that Lemma 6.3 follows from an earlier result similar in spirit to that of Theorem 6.1. Proposition 6.4. Suppose G is a double-critical 8-chromatic graph with minimum degree 10. If G contains a vertex x of degree 10 such that G x contains no vertex of degree 9 in G x , then G contains a K − 8 minor.
Proof. Suppose G is a double-critical 8-chromatic graph with minimum degree 10, and suppose G contains a vertex x of degree 10 such that G x contains no vertex of degree 9 in G x . Then it follows from Proposition 3.3 and Observation 5.1 that each vertex of G x has degree 2 or 3.
We first consider the case where G x is disconnected. Since δ(G x ) ≥ 2, it follows that any component of G x contains at least three vertices. If G x contains a component on three vertices, then this component is a K 3 ; this contradicts Proposition 3.3. Hence, each component of G x contains at least four vertices, and so, since n(G x ) = 10, it follows that G x contains precisely two components, say D 1 and D 2 with n(D 1 ) ≤ n(D 2 ). Suppose n(D 1 ) = 4. The fact that δ(G x ) ≥ 2 implies that D 1 must contain a 4-cycle, and so it is easy to see that D 1 must be C 4 , K − 4 or K 4 . This, however, contradicts Proposition 3.3, and so we must have n(D 1 ) = n(D 2 ) = 5. Of course, if G is a subgraph of G, and G contains an H minor, then G contains an H minor. Thus, it suffices to consider the case where both D 1 and D 2 contain exactly one vertex of degree 2, in which case both D 1 and D 2 is isomorphic to K 4 with exactly one edge subdivided. In this case it is very easy to find a K 7 minor in G x .
Suppose that G x is connected, and let D denote G x . By Proposition 3.5, we may assume there is a vertex 
More open problems
The Double-Critical Graph Conjecture is still open for 6-chromatic graphs. To settle this instance of the conjecture in the affirmative, it would, by Proposition 3.1 (i), suffice to prove that any double-critical 6-chromatic graph contains K 5 as a subgraph; however, we cannot even prove that such a graph contains K 4 as a subgraph.
Problem 7.1 (Matthias Kriesell
3 ). Prove that every double-critical 6-chromatic graph contains K 4 as a subgraph.
In [17] , it was proved that every double-critical 6-chromatic graph contains a K 6 minor; a stronger result would be that every double-critical 6-chromatic graph contains a subdivision of K 6 . Problem 7.2. Prove that every double-critical 6-chromatic graph G contains a subdivision of K 6 .
According to Observation 7.3, Problem 7.2 has a positive solution if G has minimum degree at most 7.
Mader [20] proved a longstanding conjecture, known as Dirac's Conjecture, which states that any graph G with at least three vertices and at least 3n(G)−5 edges contains a subdivision of K 5 . Thus, in particular, any double-critical 6-chromatic graph G contains a subdivision of K 5 .
Observation 7.3. Any double-critical 6-chromatic graph with minimum degree at most 7 contains a subdivision of K 6 . . According to Corollary 6.1 in [17] , G x is a 7-cycle C 7 with, say, C 7 : v 1 , v 2 , v 3 , . . . , v 7 . By Proposition 3.4 (iii), G is 6-connected, and so there is a collection C = {Q 1 , Q 2 , . . . , Q 6 } of six internally vertex (x, z)-paths in G. Choose the paths such that the sum of the lengths of the paths is minimum. Then each of the paths Q i ∈ C contains exactly one vertex of N (x). By the symmetry of G x , we may, without loss of generality, assume that V (Q i ) ∩ V (G x ) = {v i } for each i ∈ [6] . Thus, in G, there is a K 6 -subdivision H with branch vertices v 1 , v 2 , v 4 , v 5 , x and z. The paths in H connecting the branch vertices of are as indicated in Figure 3 . Note that the (x, z)-path in H is the union of the (z, v 3 )-path Q 3 and the (v 3 , x)-path ({v 3 , x}, {v 3 x}). Thus, G contains a subdivision of K 6 .
The following conjecture, known as the (k − 1, 1) Minor Conjecture, is a well-known relaxed version of Hadwiger's Conjecture. Kawarabayashi and Toft [16] proved that every 7-chromatic graph contains K 7 or K 4,4 as a minor -thus, settling the case k = 7 of the (k − 1, 1) Minor Conjecture. This result has inspired the following problem. A natural generalisation of Problem 7.1 would be to ask for a linear function f such that every double-critical k-chromatic graph has a clique of order f (k); if that problem is too hard it might be worth considering the following problem. 
